DIVERGENCE THEOREM (GAUSS’® THEOREM)

If S is a closed surface including region
V in vector field 1

jdideV: F.dS.
V ~ S ~ ~




Prove Gauss' Theorem for vector field,

F=xi+2j+z k in the region bounded by

planesz=0,z=4,x=0,y=0and x* + y* =4

in the first octant.




Solution




For this problem, the region of integration 1s bounded

by 5 planes :

S :z=0
S, z=4
S,: =0
S, x=0
S.: x*+y° =4

To prove Gauss' Theorem, we evaluate both j , divF dV
and SF .dSs,

The answer should be the same.




1) We evaluate J.VdideV. Given F=xi+2j+z°k.
So,
divF =20+ 22+ 2 ()
~  Ox oy Oz
=1+2z.

Also, jV divF dV = jV(l +22)dV.

The region is a part of the cylinder. So, we integrate by using
polar coordinate of cylinder ,

X=pcosp; y=psing, z=z

dV =pdpdpdz

where O£p32,03¢£%,0£234.




Therefore,

[v2nyar=[" [" [" (+22)pdzdpdy
V v Jp=0Jz=0

2 214
= .p:()p[Z+Z ]Odpd¢

- oD
- . (20p) d pd¢
Y p=

jV divF dV =20r.




2) Now, we evaluate I F.dS=\| F.ndS.

~ ; ~ ~

1) S,: z=0,n=—-k,dS=rdrd0
= F=xi+2j+0k
=>F.n=xi+2j).(-k)=0

F.ndS =0.

S~ ~




1) S,: z=4,n=k,dS=rdrd0
= F=xi+2j+@4) k=xi+2j+16k

=>F.n=(xi+2j+16k).(k)=16.
Therefore for §,, 0<r<2, 0< HS%

J-SZF. ndS = Ifzoj; 16 rdrd@

~ ~

=16x.




i) S;: y=0,1:z=—j,dS:a’xdz
:>{7=x£+2j+22/f
:>{7.73=(x£+2j+zzlf).(—j)

=-2. N N
Therefore for S;, 0<x<2, 0<z<4

L3 F.nds = jzo Jj:o (=2) dzdx

= —16.




v) §,: x=0,n=-i,dS =dydz
=>F=0i+2j+2°k=2j+2"k
=>F.n=2j+zk).(-i)=0.

g IS If.zgdSzO.




v) S;: x*+y°=4,dS = pdddz

VS, :2x£+2yj and ‘VS5‘=4

Vs, 2x£+2y{'
=>n= =
- |V 4
—l(xi+ )
TN

By using polar coordinate of cylinder :

X=ppC0SQP,y=psing,z=z
where for S :

=2, os¢s%, 0<z<4, dS=2d¢dz




:>F,n=(xi+2j+zzk).(%xi+%yj)

I,
=—Xx +
7 y

=2cos’ ¢+ 2sin¢g; kerana p =2.
=2(cos” ¢+ sin @).

SSN ~

[ F.nds = LO [ (@)(cos® g+sing)(2) dgdz

=16+4r.




Finally,
|F.dS=| F.dS+| F.ds+[ F.dS+| F.dS+| F.d8

=0+167-16+0+16+4rx
=20r.

jSF.dS =207
LHS = RHS

= Gauss' Theorem has been proved.




